arXiv:1509.03141vl [math.FA] 10 Sep 2015 


FACTORIZATION OF THE IDENTITY THROUGH OPERATORS 
WITH LARGE DIAGONAL 

NIELS JAKOB LAUSTSEN, RICHARD LECHNER, AND PAUL F.X. MULLER 


Abstract. Given a Banach space X with an unconditional basis, we consider 
the following question: does the identity on X factor through every bounded 
operator on X with large diagonal relative to the unconditional basis? We show 
that on Gowers’ space with its unconditional basis there exists an operator for 
which the answer to the question is negative. By contrast, for any operator 
on the mixed-norm Hardy spaces HP{H'>), where 1 < p, q < oo, with the 
bi-parameter Haar system, this problem always has a positive solution. The 
one-parameter HP spaces were treated first by Andrew [I] in 1979. 


1. Introduction 


Let A be a Banach space. A basis for X will always mean a Schauder basis. We 
denote by Ix the identity operator on X, and write (•,•) for the duality bracket 
between X and its dual space X*. By an operator on A, we understand a bounded 
and linear mapping from A into itself. 

Suppose that A has a normalized basis {bn)n^n, and let 6* G A* be the 
coordinate functional. For an operator T on A, we say that: 

> T has large diagonal if inf^gp) |(T&„,6*)| > 0; 

> T is diagonal if {Tbm, 6*) = 0 whenever m, u G N are distinct; 

> the identity operator on X factors through T if there are operators R and S 
on A such that the diagram 


A^A 


R 


S 


X -^ A 

T 


is commutative. 

Suppose that the basis (6n)neN for X is unconditional. Then the diagonal operators 
on A correspond precisely to the elements of £ao (N), and so for each operator T on A 
with large diagonal, there is a diagonal operator S' on A such that (ST6„, 6*) = 1 
for each n G N. This observation naturally leads to the following question. 

Question 1.1. Can the identity operator on X be factored through each operator 
on X with large diagonal? 
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In classical Banach spaces such as P with the unit vector basis and LP with 
the Haar basis, the answer to this question is known to be positive. These are the 
theorems of Pelczynski m and Andrew [T], respectively; see also [71 Chapter 9]. 
The aim of the present paper is to establish the following two results. 

> There exists a Banach space with an unconditional basis for which the 
answer to Question 11.11 is negative. 

> Question ll.ll has a positive answer for the mixed-norm Hardy space 

where 1 < p,q < oo, with the bi-parameter Haar system as its uncondi¬ 
tional basis. This conclusion can be viewed as a bi-parameter extension 
of Andrew’s theorem [T] on the perturbability of the one-parameter Haar 
system in . 

The precise statements of these results, together with their proofs, are given in 
Sections H] and |31 respectively. 

Acknowledgements. It is our pleasure to thank Thomas Schlumprecht for very 
informative conversations and for encouraging the collaboration between Lancaster 
and Linz. Special thanks are due to J. B. Cooper (Linz) for drawing our attention 
to the work of Andrew [Tj. 

2. The answer to Question 11.11 is not always positive 

The aim of this section is to establish the following result, which answers Ques¬ 
tion o in the negative. 

Theorem 2.1. There is an operator T on a Banach space X with an unconditional 
basis such that T has large diagonal, but the identity operator on X does not factor 
through T. 

The proof of Theorem l2.1 I relies on two ingredients. The first of these is Fredholm 
theory, which we shall now recall the relevant parts of. 

Given an operator T on a Banach space X, we set 

a(r) = dimkerT G No U {oo} and /3(T) = dim(A/T(A)) G Nq U {oo}, 
and we say that: 

> r is an upper semi-Fredholm operator if a(T) < oo and T has closed range; 

> r is a Fredholm operator if a(T) < oo and /3(T) < oo. 

Note that the condition P{T) < oo implies that T has closed range (see, e.g., jH 
Corollary 3.2.5]), so that each Fredholm operator is automatically upper semi-Fred¬ 
holm. For an upper semi-Fredholm operator T, we define its index by 

i{T) = a{T) - p{T) G Z U {-oo}. 

The main property of the class of upper semi-Fredholm operators that we shall 
require is that it is stable under strictly singular perturbations in the following 
precise sense. Let T be an upper semi-Fredholm operator on a Banach space X, 
and suppose that S is an operator on X which is strictly singular in the sense that, 
for each e > 0, every infinite-dimensional subspace of X contains a unit vector x 
such that 11 S'a; II ^ e. Then T -|- S is an upper semi-Fredholm operator, and 

i{T + S)=t{T). 

A proof of this result can be found in (51 Proposition 2.C.10]. 

We shall require the following piece of notation in the proof of our next lemma. 
For an element a; of a Banach space X and a functional / G X* , we write a; (8) / for 
the rank-one operator on X defined by 

{x® f)y= {y,f)x {y€X). 
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Lemma 2.2. Let T be a diagonal upper semi-Fredholm operator on a Banach space 
with a basis. Then I3(T) = ol(T), so that T is a Fredholm operator with index 0. 

Proof. Let X be the Banach space on which T acts, and let {bn)n&n be the basis 
for X with respect to which T is diagonal. Set N = {n € N : = 0}. Since 

T is diagonal, we have kerT = span{&„ : n G N}, and so the set N is finite, 
with a{T) elements. Consequently, we can define a projection of X onto kerT by 
Pn = J2neN The fact that kei Pn = spah{ 6 „ : n G N \ N} implies that 

T{X) C kerPjv- Conversely, for each n gN\N, we have bn = T((T&„, &* 
so we conclude that kerPjv ffT{X) because T has closed range. Hence 

/3(T) = dimPjv(X) = a{T) < oo, 

and the result follows. □ 

The other main ingredient in the proof of Theorem 12.11 is the Banach space Xq 
which Gowers [S] created to solve Banach’s hyperplane problem. This Banach 
space has subsequently been investigated in more detail by Gowers and Maurey 0 
Section (5.1)]. Its main properties are as follows. 

Theorem 2.3 (Gowers [5]; Gowers and Maurey M)- There is a Banach space Xq 
with an unconditional basis such that each operator on Xq is the sum of a diagonal 
operator and a strictly singular operator. 

Corollary 2.4. Each upper semi-Fredholm operator on the Banach space Xq is a 
Fredholm operator of index 0. 

Proof. Let T be an upper semi-Fredholm operator on Xq. By Theorem 12.31 we 
can find a diagonal operator D and a strictly singular operator S on Xq such 
that T = D -\- S. The stability of the class of upper semi-Fredholm operators 
under strictly singular perturbations that we stated above implies that D is an 
upper semi-Fredholm operator with the same index as T, and hence the conclusion 
follows from Lemma O □ 

Proof of Theorem 12.11 Let X = Xq be the Banach space from Theorem 12.31 and 
let ( 6 n)nGN bs the unconditional basis for Xq with respect to which each operator 
on Xq is the sum of a diagonal operator and a strictly singular operator. We may 
suppose that ( 6 n)„gN is normalized. Set 

T = Ixa +bi<S)b2+b2<S) bl. 

Then T has large diagonal because {Tbn, 6 *) = 1 for each n G N. 

Assume towards a contradiction that Ix^ = STR for some operators R and S 
on Xq. Then R is injective, and its range is complemented (because RST is a 
projection onto it), and it is thus closed, so that R is an upper semi-Fredholm 
operator with a{R) = 0. This implies that i? is a Fredholm operator of index 0 
by Corollary 12.41 and hence R is invertible. Since ST is a left inverse of i?, the 
uniqueness of the inverse shows that R~^ = ST, but this contradicts that the 
operator T is not injective (because T( 6 i — 62 ) = 0). □ 

As we have seen in the proof of Theorem 12.11 the identity operator need not 
factor through a Fredholm operator. If, however, we allow ourselves sums of two 
operators, then we can always factor the identity operator, as the following result 
shows. 

Proposition 2.5. LetT be a Fredholm operator on an infinite-dimensional Banach 
space X. Then there are operators Ri, R 2 , Si, and S 2 on X such that 

Ix = SiTRi + S 2 TR 2 . 




4 


N.J. LAUSTSEN, R. LECHNER, AND P.F.X. MULLER 


Proof. Let P = ® fj ^ projection of X onto the kernel of T, where 

n G N, cci,..., Xji G X and /i,..., G X*, and let Q be a projection of X onto 
the range of T. Since this range is inhnite-diniensional, we can hnd ?/i,..., G X 
and gi,...,gn G X* such that {Tyj,gk) = Sj^k (the Kronecker delta) for each 
j, k G {1,..., n}. The restriction T\ x ^ Tx, ker P —>■ T{X), is invertible, so we 
may define an operator on X by = JT~^Q, where J : ker P ^ X is the inclusion. 
Set 

n n 

Ri = Ix - P, R 2 ='^yj<^fj, and S 2 = '^Xk®gk- 

i=i fc=i 

Then, for each z G X, we have 

n 

{SiTRi + S 2 TR 2 )z = jf-^QT{z-Pz)+ ^ {Ty^, gk){z, fj)xk 

j,k=i 

= (z- Pz) + Pz = z, 

from which the conclusion follows. □ 

3. The identity factors through operators with large diagonal on 

MIXED-NORM HARDY SPACES 

Let ^ denote the collection of dyadic subintervals of the unit interval [0,1], and 
let hj be the P°“-normalized Haar function supported on I € that is, for I = [a, b] 
and c = (a -I- 6)/2, we have hi{x) = 1 if a < x < c, h/(x) = —lifc<x<6, and 
hj{x) = 0 otherwise. Moreover, let .^ = {/ x J : J G be the collection of 
dyadic rectangles contained in the unit square, and set 

hixjix, y) = hi{x)hj{y) {I x J £ x,y £ [0,1]). 

For 1 < p,q < oo, the mixed-norm Hardy space HP(H‘^) is the completion of 

span{/i/xj '■ I X J G 
under the square function norm 

\\f\\HP(m) = |a/xj|^h?,,j(x,y))‘^^^dy) "" dx^ , (3.1) 

where / = J^ixj^ixjhjxj- Then {hjxj)ixJ&M is an unconditional basis of HP{H‘>), 
called the bi-parameter Haar system. We note that: 

> Let 1 < p,q < oo and ^-1-^ = 1, g + ^ = l- Then the dual of HP{H'^) 
naturally identifies with H^ {H‘^ ). Similarily, for the limiting cases we 
have H^{m)* = BMO{H‘>'), HP{H^)* = m'{BMO) and H^{H^)* = 
BMO{BMO). See Maurey |10| . 

> Since the bi-parameter Haar system is an unconditional basis, we do not 
need to specify an ordering of its index set tM. 

> This basis is P°“ normalized and not normalized in HP{H'^)\ we have 
\\hixj\\Hp{m) = 

> Hence, an operator T : HP{H‘^) HP{H^) has large diagonal with respect 
to the P°°-normahzed Haar system {hixj)ixJ€Sg if for some <5 > 0 we have 
that \{Thixj, hixj)\ > 5 for all J x J G 

We can now state the main result of this section precisely. 

Theorem 3.1. Let 1 < p,q < oo, and 5 > 0, and let T : HP{H‘^) —>■ HP{H‘^) be an 
operator satisfying 

\{Thixj, hixj)\ > S\I X J\ for all I x J G 
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Then the identity operator on HP{H‘>) factors through T, that is, there are opera¬ 
tors R and S such that the diagram 


HP [m) 


HP{m) HP{m) 


(3.2) 


is commutative. Moreover, there is a universal constant C > 0, dependent only 
on p and q, such that the operators R and S can be chosen with ||i?|| US'!! < C/S. 


Given a pairwise disjoint family '■ I x J € where each set SSixj is a 

collection of disjoint dyadic rectangles, we dehne 

bixj{x,y)= ^ hKxL{x,y) (x,y S [0,1]), (3.3) 

KxL^3SixJ 

and we call {6/xj} the block basis generated by {SSixj}- The system {6/xj} is 
equivalent to the Haar system {h/xj} if the linear map 

B: E aixjhixj ^ aixjbixj 

is bounded with respect to the norm m, and its extension to HP{H‘^) is a iso¬ 
morphism onto its range. In this case, we set C = ||i3|| and we say that 

{bixj} is C-equivalent to {h/xj}- 


3.1. Capon’s local product condition. 

Capon [3] discovered a condition on a collection of the form {^/x j} which ensures 
that the block basis {&/x j} given by (13.311 is equivalent to the Haar system {h/x j} 
in HP{H'^). We shall now describe this condition in detail. 

First of all. Capon considers collections of dyadic rectangles of the form: 

^ixJ = {K X L : K e L e ^j(iF)}, 
where I,J € ^ and C St. For I,J,K e we set 

jr = (J JTj, Xi= K, and Yj{K) = [j L. 

/e® kgSTi Le'3^j{K) 

Moreover, for J G ^ and x G [0,1], we dehne 

Ty, = f]{YjiK) : K€^, Kb x} and Yf = \J{YjiK) : K G K B x}. 

(3.4) 

We say that the collection {£§ixj '■ I x J G satishes Capon’s local product 
condition if there are constants Cx, Cy > 0 such that the following ten condi¬ 
tions (}m)-(lX[2) and (MIl)^(M5l) are satished. 

(XI) For each I G 3Ci is a collection of pairwise disjoint dyadic intervals, and 
n = 0 whenever Iq,Ii G are distinct. 

(X2) Let Iq, I G Kq G ■SCig, and K G 3Ci. Then Kq G K \i and only if Iq C I. 
(X3) For all /, Jq, /i G S> with /q fl Ji = 0 and / = /q U /i, we have 

Xjg (h X/j = 0 and Xj^ U C X/. 

(X4) For each / G we have 

Cf^\I\<\Xi\<Cx\I\. 

(X5) For all /o, / G with Iq C I and K G 3Ci, we have 

|xnx,„| ^ \Xi,\ 

\K\ - Cx\Xj\' 
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(Yl) For J G ^ and K G ^ '3(j{K) is a collection of pairwise dyadic intervals, 
and ^j„{K) n {K) = 0 whenever Jq, Ji G ^ with Jq ^ J\ and K G . 
(Y2) Let Jo, J G iL G SC, Lq G and L G Then Lq C L if 

and only if Jq C J. 

(Y3) For all J, Jq, Ji G ^ with Jq fl Ji = 0, J = Jq U Ji and a; G [0,1], we have 


yjo,xS\yji,x = 0, 

Y^RYj; =0, 


U yj^,x C Yj,^ 
CYJ. 


(Y4) For each J G ^ and x G [0,1], we have 

Cy^\J\<\yj,x\ and |YJ|<Cy|J|. 

(Y5) For all Jq,/, Jo,d G ^ with Iq I and Jq C J, K G Kq G and 
L G ‘3^j{K), we have 


|Lnyj„(jLo)| ^ \yj,iKo)\ 
\L\ - CY\yj{K)\- 


We remark that Capon’s local product structure immediately implies the identity 


bixj{x,y)= ^ hKxL{x,y)= ^ hx^x) ^ 

KxLei^ixj KeSTi lg @ g ( a :) 


3.2. Block bases and projections in 

Capon proved in [3] that if the conditions (X[T])-(3(0 and ('V[T])-('Vl^ are satisfied, 
then {bixj '■ I x J G is equivalent to {hjxj : / x J G Si} in 
1 < P, g < oo, and thereby that the orthogonal projection Q : ^ 

given by 


q/ = E 


IxJ 


if, bixj) , 

WbixjU ' 


xJ 


is bounded on 1 < p,q < oo. To see this, note that 


(3.5) 


IIQIl = sup IIQ/II 
ll/ll<i 

||/||<1 V 

= sup 

ll/ll.Il9ll<i R WbRh 
ll/ll.Il9ll<i n Wb-Rh 

II {hR,g) , II 

= sup \\ 2 ^ JT ^ bR \\ 

Il9ll<i R WbRh 


~ sup 
ll.f/IKi 


lE 


II 


= 1 


As far as the boundedness of the orthogonal projection is concerned, Capon’s proof 
does not cover the cases p = 1 or g = 1. The following theorem extends Capon’s 
result to parameter range 1 < p, g < oo. 

Theorem 3.2. Let 1 < p,q < oo. Assume that the pairwise disjoint collection 
of pairwise disjoint dyadic rectangles {Sijxj : I x J G Si} satisfies Capon’s local 
product condition (X[T])-(X[^ and with constants Cx <md Cy. Then there 

is a constant C > 0, which depends only on Cx o-nd Cy, such that the following 
two conditions hold. 
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(i) The block basis {bjxj '■ I x J G is C-equivalent to the bi-parameter Haar 
basis in HP{H‘‘). 

(ii) Equation (l!^.5l) defines a projection Q on and 

WQfWnr-iH.) < C\\f\\Hv(m) (/ e 


Proof. At a certain point, we will distinguish the following three cases. 

(1) 1 <p < oo, g = 1, 

(2) p=l, 1 <q<2, 

(3) p = 1, 2 < q < oo. 

By duality and interpolating between these spaces, see [2], we obtain the bounded¬ 
ness of Q on for all 1 < p,q < oo. 

Let Nq G N and denote by the collection of indices {Iq x Jq G : |/o| = 
2“-^“, I Jo I =2“'^“}, and let denote the collection of building blocks given by 

^No = {Ko X Lq G t^IoxJo ■ lo X Jo G J^Nq}- 


We may assume that / is a finite linear combination of bi-parameter Haar functions 
supported only on the building blocks above he. 


/ 


E 


E 


a-KxLhxxL- 


Kq'XLq^^j^q K X LZ^KqX Lq 


First, we will estimate ||Q/||^p(^,p To this end, note that 


By the definition of YJ , see dm) we have lYj{K){y) < ^Yj{y), for all x G K G , 
thus by discretizing the inner integral with : | Jo| = 2“^“} and using (Tl3]) 

and (’VHl) we get 


WQffHPim) 


< 


E 

I To 1=2- 


i'^oi(E E 


I JDJo 


(/, bixj? 

IlfoxTlI^ 


Iyp (a;)) 


9/2\ 


p/<? 


da;. 


Now we discretize the remaining integral with {Xj^ : |/o| = 2 ^°} and use (iX[3]) 
and to obtain the following upper estimate for 

E T»i( E H E ( E 

Io=2-^o ^|Jo|=2-'^o /xJD/qxJo KxLeSSixj 

(3.6) 

Note that by (XU]), (13.4p and (^45) \Bixj\ ff |h||J|. 

Second, since the collection J§ixj consists of disjoint dyadic rectangles K x L, 
we have by ((X[ll) and (T[2]) 

^^(/) = E E ( E WxxLl'i-KxL'i-BigxJo) ■ 

IqXJq^^Mq KxL^^IxJ 

For each x there exists at most one Kq G tY'ig such that Kq 9 x. If it exists, we 
denote this Kq by Kq(x), and otherwise, we define Kq{x) = 0. Furthermore, we 
abbreviate Yjo (a;) = Yj^{Kq{x)). Now we write lBi„xJo{^^y) = lA'o(a;)(a;)lyjo(x)(j/) 
and put 

= / ( E E 

|/(,|=2-"o /xTD/oxTo 

( E \aKxL\'^KxL{x,y)lKa{x){x)lYjg{x){y)) ) ly f s. 



(3.7) 
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For each x we discretize the inner integral with Yjg (x) and obtain by (\13]) and (’VS]) 

fi E lJolFj,(x)f^Ux. (3.8) 

|Jol=2-"o 

It is now time to divide the proof into separate cases. 


Case 1: 1 < p < oo, q — 1. Here, we estimate Fjg{x) by Minkowski’s inequality 
for integrals and norm, i.e. 


Fjo{x)>(^ Y, E 

|/o|= 2 -"o /X JD/oX Jo 


( E 

K xL^^ixj 


\aKxL\'^K{x)lKoix){x) 


\LnYj„{x)\ 

\Yjo{x)\ 


2y/2 


Since we have Yj^^^ C hjo(a:) C YJ^, (MS) and (Yg]), we 

obtain 

u.(x)>( y: Y { Y (3.9) 

|/o|=2-"o JxJD/oXJo KxLe^ixj 


Next, we combine the estimates (USD and dim . discretize the outer integral with 
{Xjg : |/o| = 2“^“} and observe that due to (X[3]) we have 


ii/iiWoS Y f ( Y J»i( E 

|/o|= 2 -~‘o^|Jo|=2-'Vo JxJD/oXJo 


( E 

KxLeSSixj 


\aKxL\\L\ 

\J\ 


s 2s 1/2 

lK{x)lxj^{x)j j Fj^ix) 


^ dx 

1^/0 I ■ 


Applying Jensen’s inequality and then Minkowski’s inequality for norm as well 
as using (ii® and (?g]), we obtain (13.61) for all 1 < p < oo, g = 1. 


Case 2: p = 1, 1 < q < 2. Similar as above, we estimate by Minkowski’s 

inequality for integrals and norm, and then Jensen’s inequality for the convex 
function 1 1 —>■ to obtain 

E E ( E 

|/o|=2-"o JxJD/oXJo KxLeSSixJ 

(3.10) 

Again, we also used that iKo(x)ix) = lxro(a:), Yj^^^ C Yjg{x) C Yg and (^5)), 
('Vg]). We combine the estimates (I3.10|l and (13. 8L discretize the outer integral with 
{A/p : |/o| = 2“^“} and apply Minkowski’s inequality, this time for and 
norm. Using (Xg]), (Xg]) and ((Xg]), we obtain (13.61) for all p = 1, 1 < g < 2. 

Case 3: p = 1, 2 < q < oo. Here, we estimate Fjp(x) by using Jensen’s in¬ 
equality on the convex functions t i-)- and t i-)- Since lxo{x){x) = (j^), 

Yjo,x C Yjg (x) C Yg we have (Eg]) and (Egj), we obtain estimate (13.101) . After plug¬ 
ging (|3.10|) into (|3.8L discretizing the outer integral with {Xj^ : |/q| = 2“^°} and 
applying Minkowski’s inequality for and norm, we use ()Xg|), ()Xg]) and ()Xg|), 
to obtain (13.61) for all p = 1, 2 < g < oo. 

□ 
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Figure 1. The first 49 rectangles. 


Remark 3.3. The above proof shows as well that the orthogonal projection onto 
more general block basis such as 

bixjix,y) = ^ axxLhKxLix^y) 

KxLeSgixj 

is bounded on 1 < p,q < oo provided that sup/^j < oo. 

3.3. Proof of Theorem 13.IL 

Our proof of Theorem 13.11 is by induction. Hence, we first introduce a suitable 
linear ordering <i on the collection of dyadic rectangles We choose <i in such a 
way that on ^ the bijective index function 0 ^ : M No, which is defined by 

0 <i (^o) < 0 <i (J^i) ^ ^0 <1 ^ 1 , Ro, Ri G 

has the properties (13.1111 and (13.1211 : it links the geometry of a dyadic rectangle to 
its position 

( 2 ^= - 1)2 < 04 /X J) < ( 2 '=+! - 1)2, whenever min(|J|, I J|) = 2-'=, (3.11) 

and it respects the position of dyadic predecessors 

I X J < I X J, for / 7 ^ [0,1] and I x J< I x J, for J 7 ^ [0,1]. (3-12) 

For a picture of such an index function 0<] see Figure [T] For more details see 


Proof. Given I x J € ^ we write 

Thjxj = aixjhixj + rixj, 

where 


OilxJ = 


{Thjy^j, hjy^j) 


and r/xj = ^ 


ExF^IxJ 


{ThjxJ, flExp) 
\E X F\ 


\IxJ\ 

We note the estimates 

5 < |a/xj| < ||T|| and \\rixj\\HPiH.) < 2\\T\\\I\^/P\J\^/p 


(3.13a) 


hExF- (3.13b) 


(3.14) 


Inductive construction of 
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Given a small parameter 77 > 0, we will now inductively define a block basis : 

I X J € for a suitable choice of signs e. From here on, we will regularly identify 
a rectangle I x J G ^ with its index 0<, {I x J). To begin the induction we set 


■^[o.ijxfo.i] — {[Oil] X [ 0 , 1 ]} and ^[o,\]x[o.i] “ ^[ 0 , 1 ]x[ 0 . 1 ]■ 

(3.15) 

Now we assume that has already been constructed for all 1 < } < i, a suitable 

choice of signs Ekxl G {—1,+1} has been made for all // x L G and the 

block basis elements are given by 

b^f^ = ^ SKxLhKxL- 

KxL^SSj 

(3.16) 

We will now construct a collection and choose signs Ekxl G {— 1 

K X L G such that 

, + 1 } for all 

b^i^ = ^ EKxLhKxL, 

KxLESSi 

(3.17a) 


(3.17b) 

{Tbf\b^:^)>{5-n)\\b^:\\l 

(3.17c) 


Let I X J G ^ such that 0<| (/ x J) = i. We distinguish between the cases 
J=[0,1], [0,1],/= [0,1] and [0,1],/^ [0,1], 


Case 1 : J = [ 0 , 1 ]. Here, we know that 1 7 / [0,1]. Let / be the dyadic predecessor 
of I, then ^/x[o, has already been defined. We note that by our previous choices 
we have that 

K X L G ■^ 7 x[o 1 ] implies L = [0,1]. 

For a dyadic interval Kq we denote its left half by Kq and its right half by Kq. We 
define the sets 

Bk[on= U 

^«x[0-l]e^7x[o,il 

and 

SL|„,,1= U A'JxIO.l]. 

Now we perform a Gamlen-Gaudet step in the cc-component. If / is the left half of 
I we put 

^^ = {Kx [0, l]G3i ■.\K\= 2—, K X [0,1] C Sjxlo.i]}' (^.ISa) 

If / is the right half of / we define 

^m = {Kx [0,1] G ^ : |iF| = 2—, K x [0,1] C (3.18b) 


see Figured 
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Ko K K K' 



Figure 2. The above figure depicts an instance of in Case 1. 


Case 2: J [0,1]. In this case we know that ■^/x[0,l] has already been con¬ 
structed. We define the set of a;-frequencies simply by putting 

^ixJ = {^0 : Ko X [0,1] e .^/x[o,i]}- 

Case 2.a: J ^ [0,1],7 = [0,1]. We remark that j has already been 

constructed. We note that by our previous choices we have that ^ixj = {[0,1]}, 
so 

K X L G implies K = [0,1]. 

Define the sets 

BE.,i|xJ= U l“.l|xiS 

[0.1]xLoG.®p,,,,j 

and 

U [o.iJxl;. 

[0.1]xLoe.®p,„,,j 

If J is the left half of J we put 

= {[0, 1] X L G ^ : |L| = 2-™, [0,1] x L C -}. (3.19a) 

If I is the right half of I then 

= {[0,1] X L G ^ : |L| = 2—, [0,1] x L C j}, (3.19b) 

see Figure 131 


[ 0 , 1 ] 



Figure 3. The above figure depicts an instance of ^rn in Case 2.a. 
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Case 2.b: J ^ [0,1], I ^ [0,1]. Note that in this case has already been 

defined. Let 

Bt.j = U X 

KixLieSgj^j 

and put 

^m = {KoxLG X ^ : |L| = 2-”^, Ko x L C (3.19c) 

see Figure m 



Figure 4. The above figure depicts an instance of in Case 2.b. 
The gray area is obtained by intersecting the gray areas of Figure[5] 
and[21 respectively. We form the rectangles of by leaving intact 
the intervals of the x-coordinate arising in Figure [5] and using a 
high frequency cover of intervals contained in the y-coordinate of 
Figure[31 This construction leads directly to Capon’s local product 
structure. 


Ko 



Figure 5. A bad cover of Kq x Lq: These fragmented shaded 
rectangles cover the same subset of Kq x Lq as {R € ^rn ■ R C 
Kq X Lq}, depicted in the lower left corner of Figure 01 The x- 
components of the rectangles in Figure [5] do not conincide with the 
ones in Figure [2] The construction of block basis based on covers in 
Figure [5] would not result in block basis with Capon’s local product 
structure. 

In any of the above cases (13.1811 (I3.19|l we define the following function. For any 
choice of signs Ekxl & {—1) +1}) K x L £ put 

fm^ = X/ ^KxLhKxL, 

KxLe^m 


(3.20) 
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recall (|3.13|) and define 

= X/ SKxLTKxL- (3-21) 

KxLe^m 

For all choices of signs s we have that fm'^ —>• 0 weakly in H'p{H'^) and in its dual 
as m —>• oo. Consequently, we obtain 
2—1 

E (3.22) 
i=i 

for all choices of signs e and sufficiently large m. We want to point out that 
||/i^)||i = |J X J|. 

Given m we define the random variable 

X{e) = {f^\Rl^^), (3.23) 

for all choices of signs Ekxl, K x L € and denote the averaging over all 
those choices of signs by E^. Now we will choose e such that |^(e)| is small. To 
accomplish this task, we will estimate E^ and use Chebyshev’s inequality. Using 
{hxxLXKxL) = 0 , we have 

^(£) = E SKqxLqSKixLi {hKoX LoXKixLi), (3.24) 

where the sum is taken over all Kq x Lq, Ki x Li G with Kq x Lq ^ Ki x Li. 
Thus, 

EeX = 0. (3.25) 

From now on we shall abbreviate Kj x Lj by Rj. From (13.241) we obtain 

= E ^Rq ^Ri ^ R 2 ^Rs (.b’Ro , I'Ri) {blR2 1 ^Rs ); (3.26) 

where the sum is taken over all Rj G 0 < j < 3 with i?o ^ Ri and i ?2 ^ Rs- 
Note that under the above restrictions, the following two conditions are equivalent: 

(i) Es eHgS 7 ^ 0 , 

(ii) Rq = i? 2 , ^1 = R 3 or Rq = Ri = ^2- 
Hence, (13.261) implies 

E^x'^ = ''^{hRo^TR^Y + {hRo,rRi){hRi,rRa) = A + B. (3.27) 

where the sum is taken over all Rq,Ri G with i?o 7 ^ Ri- Before we begin 
estimating (13.271) . we record the following simple estimates: 

\\rKxL\\H.(m) < 2 ||r|||iF|i/P|L|i/ 9 ^ (3.28a) 

\\^CKxLhKxL\\Hui^H-)<S^T>\cKxL\\I\^^'^\J\^^'", 1 < M, U < OO, (3.28b) 

II ^ 2 ||r||sup|cifxL||^r^^|-^r^‘^, (3.28c) 

where the sums and suprema are taken over all iF x L € For estimate (I3.28cl) 
we used (13.131) . (13.141) and (I3.28bl) . First, we rewrite A defined in (13.271) as 

E E (^«oTRi)rRi)|. (3.29) 

RQ^^m Rl^^m 

Observe that per construction |iFo| = |iFi| and |Lo| = \Li\ for all Ro,Ri G ^m, 
thus we obtain from (13.281) 

A < 4||Tf (3.30) 

Second, by rewriting A as 

E K E (blRo>rRi)blRoARi)l, 

Rl^^m Ro^’^m 


(3.31) 
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we obtain from (13.281) 

A < 4\\Tf\I\^+^/p' I \K\^/P\L\^/'^. (3.32) 

Combining (13.301) with (13.321) yields 

A < (3.33) 

where K x L d ■ Similarly, by rewriting B in (13.271) , we also obtain the estimate 
B < 4||Tf |J|3/2 |j|3/2|^|1/2|2^|1/2^ (3 34^ 

where K x L & ^rn- Plugging (|3.33|) and (13.341) into (13.271) we obtain 

<C\K\^/^\L\^/'^, (3.35) 

where itT x L is an arbitrary element in ^rm and the constant C > 0 depends 
only on T and I x J. Chebyshev’s inequality, (13.231) . (|3.25l) and (13.351) . as well as 
considering the fact that ||/m ^||2 = |.^||>.^| yield 

(3.36) 

for all X L G and the constant C > 0 depends only on T and I x J. The 

probability measure P is the normalized counting measure on the space of signs 
given by Skxl, K x L £ Since |7f||T| —>■ 0 as m oo, see (|3.18l) and (I3.19|) . 
the concentration estimate (13.361) allows us to find an integer m and a suitable 
choice of signs ekxl, K x L £ ^rn such that 

\{f^\Rl^^)\<ri\\f^^\\l (3.37) 

From (I3.13|) . (13.201) and (13.211) we obtain 

E aKxL\KxL\ + {f!i\R^Z^). 

Estimating the latter identity using (13.141) and (|3.37l) yields 

(P/i"^/i"^)>(<5-^)||/i"^||i (3.38) 

We conclude the inductive construction step by defining 

= and (3.39) 

where we choose m and e according to (|3.22|) and (13.371) . 


Essential properties of our inductive construction. 

Mixed-norm estimates for 

Given 1 < u, u < oo and I x J £ we record the following estimates. 

11^^112 = |/ X J| = \\hi^j\\l 


(3.40a) 

(3.40b) 


The block basis (4^4 edfnost-diagonalizes T. 
We show that we have 


= 


Il4^4i * 


+ tiny error. 


Note estimate (I3.17c|) for the diagonal. We now calculate the size of the error terms. 
We claim that for all i we have 


E j\iTbf\b^^)\<r,2-^\\b^^\\l 


( 3 . 41 ) 
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Note that (I3.17bl) implies 
2—1 

Y.j\{Tbf\b^^)\<Vi^-^\\bf^\\l (3.42a) 

j=i 

oo oo 

^ j\{Tbf\bf)\ < V Y. J^~^\\b?\\l (3.42b) 

j=i+l j=i+i 

Since by (13.111) . we obtain (13.411) from (13.421) . 

^ixj satisfies Capon’s local product condition. 

The collection : I x J G Sif satisfies Capon’s local product condition. We 

write 

= {K X L ■. K G SCu L G 

with SCi,&^j(K) C First we note that since the collections I G ^ are the 
result of a Gamlen-Gaudet process, the conditions ()X[T|)-()XO hold with Cx = 1- 
Second, with K G fixed, the collections '3(j{K), J G ^ are the result of a 
Gamlen-Gaudet process, therefore the conditions (T[T]), (T[2]) and (’VIS]) hold. Third, 
observe that for each x we have Yj^x = Yj = Yj{K) for all K B x, therefore the 
conditions ("VIS]) and (’VHj) are satisfied. The constant Cy is given by Cy = 1. 


Putting it together. 

Since 3§ixj satisfies Capon’s local product condition, we obtain from Theorem 13.21 
the following two results. First, let Y = span{6('^^} C and define B : 

HP (HI ) ^ y by Bhi = b[^\ then 


HP[m) —L^ HP{m) 


B\\\\B-^\\ < C, 


(3.43) 


Y 


■Y 


for some universal constant C > 0. Second, the orthogonal projection Q : HP{H^) 
HP{H'^) defined in p.5l) satisfies the estimate 


\\Q : HP{H‘^) ^ HP{H‘^)\\ < C, 


for some universal constant C > 0. 
Now, define U : Hp(H‘^) ^ T by 




and note that (I3.17cl) and (13.441) imply 


\\U : HP{H‘>)^Y\\H.iH^) < 


C 


5 — rj 


Observe that for all g = GY v^e have the identity 


(3.44) 


(3.45) 


(3.46) 


UTg-g = Y{Y ^ATbf\bf)){Tbf\b<fY^b‘f^ 

*=1 

We obtain from (I3.4()|) and (|3.11l) that |Aj| < 4:j\\g\\Hp{Hi), so using (|3.17cl) and (|3.41l) 
yields 

g-^^WgWHPiHs)- 


WBTg — g\\HP(Hi) < 
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Finally, let J : 1" ^ HP{H‘^) denote the operator given by Jy = y. If we choose 
77 > 0 small enough (e.g. 77 = i5/9) and define the operator V : HP{H'^) y by 
{UTJ)-^U, then 





(3.47) 


for some universal constant C > 0. 

Merging the commutative diagram (j3.43p with (|3.47|1 concludes the proof. □ 
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